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The relativistic two-component equation describing the free motion of particles with 
zero mass and spin ^, which is P- and T-non-invariant but C-invariant, is found. The 
representation of the Poincare group for zero mass and discrete spin is constructed. 
The position operator for such a particle is defined. 



1. Introduction 

As is known, the Dirac equation for a particle with zero mass: 

d^(t x) 

* )^=7oW*(t,x), k = 1,2,3, (1.1) 

is invariant with respect to the space-time reflections. If one chooses for the Dirac 
matrices the Weyl representation eq. (1.1) decomposes into a system of two equations 

O ■ d^±(t,x) . . 

* ±^- L =±a kPk *±(t,x), (1.2) 



where Ok are the Pauli matrices and ^± is a two-component spinor. The Weyl 
equation (1.2) for ^ + (or \I>_) is not invariant under space reflection P and charge 
conjugation C but is invariant under the CP- and T-operations. 

Due to the fact that the space parity in the weak interactions is not conserved it 
is usually assumed that neutrino is described, not by the four-component eq. (1.1), 
but by a two-component one (1.2). Therefore, in papers [1] an hypothesis was put 
forward that the weak interactions are invariant with respect to the CP operation 
and consequently to the T operation, if the CPT theorem is valid. 

In this paper the two-component equation for a particle with zero mass and spin i , 
which is non-invariant under the time reflection of T and the CP operation, is found. 



2. Equation for a neutrino with "variable mass" 

On the solutions of eq. (1.1) the generators of the Poincare group P(l, 3) have the 
form 

J kl = x kPl ~ XlPk +S M , Jok= x oPk - -z [x k ,H 9 ] , 



2 L J+' 

j"\ I (j, iv its i (j, / j — ^ A 



S^v = - 7^7/J, Si*i = T*(7m74 - 747m) 



s i*5 = \htJ., s 45 = 2*74, M = 0,1,2,3, 



(2.1') 
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where 7^ and 74 are the Dirac matrices. 

If one performs a unitary transformation [2] over eq. (1.1) 

Ui = cxp { l-iirS 53 e 3 1 , e 3 = p 3 ^ 0, (2.2) 



or 
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^1 = ^(1+^3), (2.2') 



V2 

eq. (1.1) has the form 
.d\{t,x 



dt 



{lolaPa +lo\ps\)x{t,x), a = 1,2, (2.3) 



X = ft*, x = ( *+ J , (2-4) 

where \± is a two-component spinor. 

The Poincare group generators P(l, 3) on {%} being the solution of eq. (2.3) have 
the form 

P X =H X = JolaPa + 70 |P3 1 , P k =Pk, 

J ab = X "Pb - X bPa + S ab , J*, = X a p 3 - X 3 p a - e 3 S a3 f 3 , ^ ^ 

J$ k =xoPk- -[x k ,H x } + . 
Choosing for the Dirac matrices somewhat unusual representation 



cr 3 \ / ia a 



70=1 -a 3 ) ' -i, a 



i \ / 



(2.6) 



< ; = i o ) ■ ' ■ V. i o 

eq. (2.3) decomposes into a system of two equations 
■ dx±(t,x) 



dt 



{icr 3 a a p a ± o- 3 |p 3 |}x±(i,a;), 



X±=Q±X, Q± = ^±^43 = i(l±7 3 7 4 ). 



(2.7) 



Eq. (2.7) for the functions x+(ti x ) ( or X-^, 33 )) nas quite the other properties 
relative to the discrete transformations than the Weyl equation (1.2). 
We note the following: 

(i) It is possible to arrive at eq. (2.3) (or (2.7)) in another way. If we "extract the 
square root" from the operator equation 

(Po ~pI)x = Plx, 

we obtain eqs. (2.3) (or eqs. (2.7)). 

(ii) The fact that the Dirac equations for zero and non-zero mass are invariant 
under the P-, T- and C-transformations is the consequence of the fact that they 
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besides being invariant with respect to the group P(l,3), are invariant under the 
group SU(2) (g> SU (2) ~ 0(4) (this question will be considered in detail in a following 
paper). 

Eq. (2.3) coincides in form with a usual Dirac equation for zero mass if |p 3 | is 
considered as the mass of a particle. Therefore it is possible to say that cq. (2.3) 
describes a "flat neutrino" with variable mass \p 3 \. Really the operator \p 3 \ is the 
Casimir operator of the group P(l, 2) but not of the group P(l, 3). 

Before passing to an investigation of the P-, T- and C-properties of eqs. (2.7) we 
shall construct the operator of the position in the space. 

For eq. (2.3) the operator of the Foldy-Wouthuysen type has the form 

rj 2 = exp(%^arctg^f 1. (2.8) 



\P3 

If the matrix S§ a have the form of (2.1') then 

TT E+\p 3 \+J a p a — " 

U ^ PMF ' E=^pl + pl + pl (2.9) 
Eq. (2.3) after the transformation (2.9) transfers into 

^Q t X) = H*(t,x)=>y E$(t,x), *(t,x) = U 2X (t,x). (2.10) 
The generators of the group P(l, 3) on {$} have the form 
P *=W* = 7o £, P?=Pk, 

SabPb 



Jab = X aPb - XbPa + S ab , J* 3 = X a p 3 - X 3 p a - € 3 



E + \ P3 y (2.ii) 



J 0a = X 0Pa- ^[Xa,n ] + ~70 g+ | p3 | , J Q3 =XoP3- ^[X 3 ,H J + . 

It must be noted that the operators (2.11), as it can be immediately verified, 
satisfy the algebra P(l, 3) commutation relations not depending on the matrices S a b 
explicit form, i.e. the operators (2.11), if 70 is substituted for 1 (or —1) and realize 
irreducibly the algebra P(l, 3) representation which is characterized by zero mass and 
discrete spin. The representation (2.11) differs from the corresponding Shirokov [3], 
Lomont-Moses [4] ones but is certainly equivalent to them. 

The position operator on a set {%} looks as 

YX rr-1 tj _ ^5a S5 c p c p a S ac p c 

a 2 Xa 2 Xa ~e + ^tm + mrjp^j ' 

V\ TT—1 TT S^ePe „ 1 . 

Xg = U 2 x 3 U 2 = x 3 + e 3 E2 , S 5c = --i'y c . 
The position operator on a set of solution {\I>} of eq. (1.1) looks as follows 

TT-lv\TT , 73^50 l 3 S^ c p c p a S ac p c 



E >EHE+\p 3 \) E(E + \p 3 \Y 
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(iii) If one performs a transformation on eq. (1.1) 

^ = -^(1+73) (2.14) 
and then a transformation 

77 - E +P3+ laPa , i K y 

U2 (2^TNF' (2 ' 15) 

it will transform into the equation 

d<b(t x) ~ ~ 

1 57 =Tb^(t,g), $ = C7 2 ?7i*. (2.16) 

OT 

The generators of the group P(l, 3) on {<&} coincide with (2.11) where the substi- 
tution was made e 3 — ► 1, I7J3I — > p 3 . 

3. P-, T- and C-properties of two-component equation 

Here we shall study the properties of one of the two-component eqs. (2.7)[] 

^ —j^" = (i^aPa + cr 3 \p 3 \)x(t,x), (3.1) 

under the discrete transformations. 

We shall denote through P^ (k = 1, 2, 3) the space inversion operator of one axis 
which is determined as 

P {1) x{t, xi,x 2 , x 3 ) = r ( - 1) x(t,-x 1 ,x 2 ,x 3 ). (3.2) 

Analogously P^ and P^ are determined. 

As is well known, two non-equivalent definitions of the time-reflection operator 
exist. According to Wigner the time-inversion operator is 

T^ X (t,x)=T^x*i-t,x). (3.3) 

According to Pauli it is: 

T^ X (t,x)=T^x(-t,x). (3.4) 

The operator of the charge conjugation can be defined as the product of the op- 
erators T {1 \ T {2) or as 

C X (t,x)=T^x*(t,x), (3.5) 

where , are the 2x2 matrices. 

The operators P, T, C with the group P(l, 3) generators satisfy the usual com- 
mutation relations. 

The generators of the group P(l, 3) on the solutions {x} of eq. (3.1) have the form 
of eq. (2.5) where 

H x -> ia 3 a a p a + a 3 \p 3 \ = -a 2 pi + 02P2 + a 3 \p 3 \, 

1 . 1 (3-6) 

Sab — * ^HCfcCTo - cr Q (T b ), S a3 J 3 ^--(T a , 



1 In what follows, under \ we shall understand the two-component spinor x+- 
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and the matrix 70 is substituted for the matrix 03. 

Using the definitions (3.2)-(3.5) it is not difficult to verify that eq. (3.1) is p( 3 )-, 
C-invariant but pW-, P< 2 )-, T^-, T( 2 )-non-invariant. 

Thus, eq. (3.1) is P^C-, pWpMpWC- and P^CT^-invariant but P^CT^- 
and P^C -non- invariant. 

We note the following: 

(i) The result obtained is a consequence of the fact that the projection operators 
Q±, with the operators of the discrete transformations, satisfy the following relations 

P (a) Q± =Q T P {a) , T(«)Q ± = Q T T(°), 

P (3) Q± = Q±P {3 \ CQ ± = Q±C. ( ' } 

(ii) The two-component equations for the functions \+ an d X- are equivalent to 
the four-component one (2.3) with the subsidiary relativistic-invariant conditions 

Q-X ={\- ^43) X = 1(1 - 7374)X = 0, (3.8) 

Q+X= Q+^4 3 )x=^(l + 7374)x = 0, (3.9) 
respectively. For eq. (1.1) these conditions look like 

1 + ie 3 S 45 ^j * = 1(1 - e 37 4)* = 0, (3.8') 

\ -ie S S 45 ^j * = 1(1 + e 37 4)* = 0. (3.9') 

Eq. (1.1) with the subsidiary conditions (3.8') and (3.9') can be joined and can 
be written in the form of two p( a )- and -non-invariant but p( 3 )- and C-invariant 
equations 

{ 7 ^ + x(l + e 3 74)}*i(t,x) = 0, {7^ + x(l-e 3 74)}*2(i,a;) =0, 

where x is some constant value. The four-component equations for the neutrino, 
which are the union of eq. (1.1) and the usual subsidiary condition, were recently 
considered in ref. [6]. These equations, as well as the Weyl equations (1.2), are P- 
and C-non-invariant but T^-invariant. 

The unitary operator of type U2 for the two-component eq. (3.1) has the form 

Vi = cxp ] j^^arctg-^f 1 , S k = \eklnSin, (3.10) 



or 



v _ E+\p 3 \ +i(7aPa 
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The position operator on the set of solutions {x} of eqs. (3.1) looks as follows 



2E 2E 2 (E+\p 3 \) 4E(E+\p 3 \ 



X* + =V 1 ~ 1 x 3 V 1 = x 3 + e 3 



&bPb 
2E 2 ' 



(3.12) 



To complete our treatment, we find the position operator for the neutrino which is 
described by the Weyl equation (1.2), for example for the function This equation 
under a transformation 

v = E + \p 3 \ + ia k Z k ^ 13 

where the vector £ has the following components 

£fc = {pi -P2& 3 ,P2 + e 3 pi,e 3 (E + \p 3 \)} , 
takes a canonical form 

.d*+(t,x) 



dt 



a 3 E$+(t,x), <7 3 = a 3 e 3 , $ + {t,x) = VV+(t,x). (3.14) 



The position operator for a neutrino which is described by the Weyl equation (1.2) 
(for \& + ) looks like 

v w ta-1 ,/ , ■ a 3^ a . e 3 a 3 a c p c p a .(er <r c - a c a a )p c 

Xa = V XaV = Xa + le ^- l 2E^E + \p 3 \)- 1 AE { E + \ P3 \) < 

The other definitions of the operators Xk and V for the neutrino are given in 
ref. [5]. 

(iii) From Dirac eq. (1.1) one can, generally speaking, obtain three types of non- 
equivalent two-component equations. On the set of solutions of eq. (1.1) a direct sum 
of four irreducible representations D £ (s) of the group P(l,3) 

(s = ©D— 1 = -0 (a = -£) ©D— 1 ( S = (3.15) 

is realized, where £ is an energy sign, s is a helicity. Hence it follows that there exist 
three types of two-component equations on the set of which the following representa- 
tion of the group P(l, 3) 

D £=1 (s = ^ © D e =- X ( 1 

or 



2 \ 2 



or 



/) 1 ( a = -\ J © D 1 ( S = lj , D 1 ±J D e=_1 U = i ] (3 .](,) 



/) -'( s = -I W=-i( s = -1) , D e=1 f s - ^ W^f* = -l\ ,(3.17) 
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or 

D£=1 ( s =0®^ =_1 ( s = -0 ( 3 - 18 ) 

are realized. If on the solutions of two-component equation there realizes the re- 
presentation (3.16) then this equation will be T^-invariant but C-, P-, T^-non- 
invariant, if the representation (3.17) does then it will be T^-, T^-, C-invariant but 
P-non- invariant, and if the representation (3.18) it will be T^-, P-invariant but C-, 
T( 2 )-non-invariant. This problem will be considered in more detail in another paper. 

4. Equation for a flat neutrino 

The motion group in the Minkovski three-space is the P(l, 2) group of rotations 
and translations conserving the form 

2 _ 2 2 2 
X — Xq X\ X<2 • 

In this case the simplest spinor equation is 

■ dx±(t,x 1 ,x 2 ) 



dt 



= (ia 3 a a p a ± a 3 m)x±(t,x 1 ,x 2 ), (4.1) 



X± is the two-component spinor and m is the eigenvalue of the operator J P 2 . 

Eq. (4.1) for x+ ( or X-) like c 1- (3-1) is invariant under the pWp( 2 )- and C- 
operations but non-invariant under the P^ and T^^-operations. 

Thus, cq. (4.1) for the wave function X + (or X-) is P (1) P (2) C-, T^pW- and 
P^CT^-invariant but P^C- and CT( a )-non-invariant. 

It should be noted that the equation being the "direct sum" of the equation for 
X+(ti x i,x 2 ) and X-(^> x \,x 2 ) is invariant under the P-, T- and C-transformations [7]. 

Finally, we quote one more example of the P- and C-non-invariant equation which 
is invariant with respect to the inhomogeneous De Sitter group. Such is the Dirac 
equation: 

M(t,x,Xi) = ( riQlkPk+lQK )is, { t,x,xt), k = 1,2,3,4. (4.2) 

This equation as is shown in refs. [2, 7] is T^-, C-invariant but P< fe )-, T^- and 
C-non-invariant. 

All the results obtained in this paper can be generalized for the arbitrary spin s 
case, if one uses for this the purpose the equation (ref. [2]): 

^f t X) = *Soan9(t, x), 1 = 1,2, 3, (4.3) 

where A is some fixed parameter (for the Dirac equation A = — 2i), and S^ v , S^, S45 
are the matrices (not 4x4 ones) realizing the algebra 0(1, 5) representation. 

(i) If we transform the usual Dirac equation describing the motion of the non-zero 
mass particle m with a spin \ as 

-tr 73P3 + q 3 +m _ nr 2 (a a\ 

V2= {293(93 +m)}^ K = \/Ps + ™ 2 > ( 4 - 4 ) 
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it has the form 

i d -^=H>nt,*), (4.5) 

H' = jo-faPa + 7093, = V 2 V , a =1,2. (4.6) 

Choosing the representation (2.6) for the Dirac matrices eq. (4.5) is decomposed into 
the set of two independent equations 

g-fyi (t x ) 

i = {-V2Pi + <JiP2 + a s q 3 )^' + (t, su), (4.7) 

i ' — = (-o"2Pi + &iP2 - (T3q 3 )^'_(t,x), (4.8) 

where and are two-component wave functions. 

Eq. (4.7) or (4.8) describes a free motion of spinless particle and antiparticlc 
with the mass m. Thus besides of the Klein-Gordon equation there exist the other 
equations of the type (4.7) and (4.8) which are also relativistically invariant and 
describe the spinless particle motion with non-zero mass. The two-component eq. (4.7) 
is equivalent to the four-component Dirac equation 

i L' =(7o7fcPfc+7om)fr(t,x), k = 1,2,3 (4.9) 
ot 

with such subsidiary condition 

1~ 7374W + 74P3 W *) = [). (4.10) 
93 / 
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